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Abstract
Null infinity in asymptotically flat spacetimes posses a rich mathematical structure; including the
BMS group and the Bondi news tensor that allow one to study gravitational radiation rigorously.
However, FLRW spacetimes are not asymptotically flat because their stress-energy tensor does
not decay sufficiently fast and in fact diverges at null infinity. This class includes matter- and
radiation-dominated FLRW spacetimes. We define a class of spacetimes whose structure at null
infinity is similar to FLRW spacetimes: the stress-energy tensor is allowed to diverge and the
conformal factor is not smooth at null infinity. Interestingly, for this larger class of spacetimes,
the asymptotic symmetry algebra is similar to the BMS algebra but not isomorphic to it. In
particular, the symmetry algebra is the semi-direct sum of supertranslations and the Lorentz
algebra, but it does not have any preferred translation subalgebra. Future applications include
studying gravitational radiation in FLRW the full nonlinear theory, including the cosmological
memory effect, and also asymptotic charges in this framework.
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1. INTRODUCTION
For asymptotically flat spacetimes describing isolated systems in vacuum general rela-
tivity, it is well-known that the asymptotic symmetries at null infinity are given by the
infinite-dimensional Bondi-Metzner-Sachs (BMS) group [1–3], which is a semi-direct product
of the infinite-dimensional group of supertranslations and the Lorentz group. The super-
translations are essentially “angle-dependent” translations which are not exact symmetries
of flat Minkowski spacetime, but only arise in the asymptotic regime at null infinity and
are intimately tied to the presence of gravitational radiation. This “infinite enhancement”
of the Poincare´ group of symmetries to BMS symmetries in the presence of gravitational
radiation is related to many non-trivial phenomena at null infinity. For example, the
gravitational memory effect — a permanent displacement of test bodies after the passage of
a gravitational wave — can be related to the non-trivial supertranslations at null infinity
[4–9]. This memory effect has been forecasted to be observable by advanced gravitational
wave detection methods [10–14]. Further, associated with the BMS Lie algebra are an
infinite number of charges and fluxes [1–3, 15–19]. These charges and fluxes have been
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related to the soft graviton theorems [4, 5, 20, 21], and potentially black hole informa-
tion loss [22–24]. BMS-like symmetries have also been found on null surfaces in finite
regions of the spacetime [25, 26] including black hole horizons [27] and cosmological horizons
[28], and their connection to memory effects across these horizons have been studied in [29, 30].
Another class of spacetimes which also have a future null boundary “at infinity” are
expanding, spatially flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) spacetimes whose
expansion decelerates towards the future. Examples of such spacetimes describe radiation-
dominated and matter-dominated cosmologies. The asymptotic symmetries in FLRW
spacetimes have recently been studied by Kehagias and Riotto in [31]. Since the FLRW
spacetimes are conformal to Minkowski spacetime, Kehagias and Riotto study the asymp-
totic behaviour of FLRW spacetimes in a Bondi coordinate system adapted to Minkowski
spacetime. While this method of analysis is certainly valid, it obscures the key differences
between the asymptotic behaviour of FLRW and Minkowski spacetimes. For example, while
the components of the stress-energy tensor of the FLRW spacetime in the Bondi-Sachs
coordinate system adapted to the Minkowski spacetime do fall off asymptotically, as shown
in [31], their falloff is in fact too slow for the stress-energy tensor to even have a finite
limit to null infinity (see Remark 5.2)! A more serious error in [31] is that the asymptotic
symmetries of the FLRW spacetime are defined through coordinate transformations of the
Bondi-Sachs coordinate system adapted to the Minkowksi spacetime. Using this procedure
Kehagias and Riotto obtained the BMS algebra as the asymptotic symmetry algebra even
for FLRW spacetimes. However, general diffeomorphisms of FLRW spacetimes cannot be
written as the scale factor times a diffeomorphism of the Minkowski spacetime; one also
needs to transform the scale factor (see Remark 4.1). Thus, the symmetry algebra obtained
by Kehagias and Riotto does not arise from diffeomorphisms of the FLRW spacetime and
should not be considered as the asymptotic symmetry algebra in FLRW spacetimes.
The goal of this paper is to reanalyze the asymptotic symmetries at null infinity in FLRW
spacetimes using the covariant formalism of a conformal completion a` la Penrose. It is
well-known that for decelerating FLRW spacetimes the conformal completion has a smooth
null boundary I denoting null infinity [32, 33]. We investigate the structure at I in FLRW
spacetimes in detail and show that while the conformal completion of these FLRW spacetimes
looks superficially similar to that of Minkowski there are some crucial differences. Since the
FLRW spacetimes are homogenous, the matter stress-energy tensor does not fall off towards
null infinity, and in fact, diverges in the limit to I (see Eq. 2.16). Further, the conformal
factor Ω relating the physical FLRW spacetime to its conformal completion is not smooth
at null infinity and vanishes faster compared to its behaviour in Minkowski spacetime in
the sense that the derivative of Ω also vanishes at I . This behaviour can be captured in a
single parameter, denoted by s, which is directly related to the equation of state parameter
of the perfect fluid matter in the FLRW spacetime (see Eq. 2.5). For decelerating FLRW
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spacetimes this parameter satisfies 0 ≤ s < 1 with the case s = 0 corresponding to the
Minkowski spacetime.
We then define a class of spacetimes that have a cosmological null asymptote at infinity.
Just as asymptotically flat spacetimes are defined so that their behaviour at null infinity is
modeled on that of exact Minkowski spacetime, the spacetimes with a cosmological asymptote
are defined so that their behaviour at null infinity is similar to that of decelerating FLRW
spacetimes. In particular, the conformal factor in such spacetimes is allowed to be non-smooth
and the stress-energy tensor is allowed to diverge at null infinity, parameterized by a number
s as described above for exact FLRW spacetimes (see Def. 1 for details).
Within this class of spacetimes for each s, we derive the asymptotic symmetry algebra,
denoted by bs, which is generated by infinitesimal diffeomorphisms that preserve the asymp-
totic structure at null infinity. We show that the algebra bs is similar to the BMS algebra —
it is the semi-direct sum of an infinite-dimensional abelian subalgebra of supertranslations
with the Lorentz algebra. However, since these spacetimes are not asymptotically flat (unless
s = 0) this algebra is not isomorphic to the BMS algebra. In particular, we show that there
is no longer a preferred translation subalgebra in bs, contrary to the structure of the BMS
algebra. Rather, the asymptotic symmetry algebra bs is isomorphic to the Lie algebra of the
conformal Carroll groups studied in [34–37].
The rest of this paper is organized as follows. In § 2, we discuss in detail the conformal
completion of FLRW spacetimes making explicit the similarities and differences with the
conformal completion of Minkowski spactime. In § 3, we present the definition of the class
of spacetimes with a cosmological null asymptote which behave like an FLRW spacetime
near null infinity, work out the consequences of the Einstein equation and demonstrate
that the class of spacetimes with a cosmological null asymptote is at least as big as the
class of asymptotically flat spacetimes. In § 4, we discuss the universal structure and
asymptotic symmetry algebra. Given the wide-spread use of Bondi-Sachs coordinates and
their convenience in explicit calculations, in § 5, we construct from the geometric definition
two types of Bondi-Sachs coordinates that we believe might be useful in future studies of this
class of spacetimes. We conclude in § 6 and discuss different applications of this framework.
In Appendix A, we show that the asymptotic symmetry algebras bs do not have a preferred
subalgebra of translations unless s = 0, in which case the algebra is isomorphic to the BMS
algebra of asymptotically flat spacetimes.
Our conventions are as follows. The spacetime is 4-dimensional with a metric of signature
(−,+,+,+). We use abstract indices a, b, c, . . . to denote tensor fields. We will also use
indices A,B,C, . . . to denote tensor components in some choice of coordinate system on a
2-sphere. Quantities defined on the physical spacetime will be denoted by a “hat”, while
the ones on the conformally-completed unphysical spacetime are without the “hat”, e.g. gˆab
is the physical metric while gab is the unphysical metric on the conformal-completion. The
4
symbol =̂ will be used to denote equality when evaluated at points of null infinity I . The
rest of our conventions follow those of Wald [38].
2. CONFORMAL COMPLETION OF DECELERATING FLRW SPACETIMES
In this section, we discuss in detail the conformal completion of decelerating FLRW
spacetimes to motivate the conditions of the class of spacetimes defined in the next section. In
particular, we highlight the key differences between the conformal completion of decelerating
FLRW spacetimes and asymptotically flat spacetimes that arise due to the presence of
homogenous and isotropic matter.
The physical metric gˆab of decelerating, spatially flat FLRW spacetimes is described by
the line element1
dsˆ2 = a2(η)
(−dη2 + dr2 + r2SABdxAdxB) with a(η) = ( η
η0
)s/(1−s)
, (2.1)
where we have used the conformal time coordinate η ∈ (0,∞), the radial coordinate r ∈ [0,∞),
and xA are some coordinates with SAB being the unit round metric on the 2-sphere S2. The
function a(η) is the scale factor which describes the expansion of the universe with time,2
and η0 is a normalization constant so that a(η = η0) = 1. The parameter s is related to the
stress-energy as described below (see Eq. 2.5), and is introduced for latter convenience.
The FLRW spacetimes satisfy the Einstein equation
Gˆab = 8piTˆab , (2.2)
where Gˆab is the Einstein tensor of gˆab and the stress-energy tensor is given by
Tˆab = a
2(ρ+ P )∇aη∇bη + P gˆab . (2.3)
Here P is the pressure and ρ is the density of a perfect fluid, which are related through
P = wρ, and w is a constant equation of state parameter. The deceleration parameter is
defined by3
q := 1− a¨a
(a˙)2
=
1 + 3w
2
, (2.4)
where the “overdots” indicate derivative with respect to the conformal time η. The parameter
s in Eq. 2.1 is related to the equation of state parameter w and the deceleration parameter q
1In this section we use r for the radial coordinate in the Minkowski spacetime. This should not be confused
with the Bondi-Sachs coordinate defined in § 5.2.
2Reversing the direction of time gives us a contracting FLRW universe which can be analyzed in the same
manner.
3Note that the q used in [31] is the inverse of the standard convention for the deceleration parameter.
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through
s =
2
3(1 + w)
=
1
1 + q
. (2.5)
When w satisfies −1/3 < w <∞, the deceleration parameter q is positive and 0 < s < 1.
These spactimes represent an expanding universe whose expansion decelerates towards
the future. Examples of such spacetimes include radiation- and dust-filled cosmological
solutions for which w = 1/3 and w = 0, respectively, and a universe with a stiff-fluid for
which w = 1. Such spacetimes have a null conformal boundary as we will review below
(these correspond the case labelled “F1” in [33]). Spacetimes whose expansions accelerate
(q < 0) in the future evolution, e.g. de Sitter spacetimes, do not posses a null boundary, but
instead have a spacelike boundary [33, 39, 40]. The case q = 0 case also has null conformal
boundary but scale factor grows exponentially in the conformal time η (see the case labelled
“F2” in [33]). In this paper we will only consider decelerating FLRW spacetimes; note that
when s = 0, Eq. 2.1 is simply the Minkowski metric, which we can also include in our analysis.
Next, we construct a conformal completion of the decelerating FLRW spacetimes (see
Appendix H of [32]). Note that FLRW spacetimes are conformally isometric to a region of
Minkowski spacetime. Hence to obtain the conformal completion for FLRW we can follow
the same procedure as for Minkowski spacetime. Note that this does not imply that FLRW
spacetimes are asymptotically flat. To see this, let us consider the conformal completion in
more detail.
Choose new coordinates (T,R) and (U, V ) in the FLRW spacetime satisfying
η =
sinT
cosR + cosT
, r =
sinR
cosR + cosT
U := T −R , V := T +R
(2.6)
and a conformal factor
Ω = 2
(
cos V
2
cos U
2
)1/(1−s) (
sin U+V
2
)−s/(1−s)
. (2.7)
Then, the conformally rescaled metric gab := Ω
2gˆab has the line element
ds2 = −dUdV + (sin V−U
2
)2
SABdx
AdxB , (2.8)
where we have set η0 = 1/2 for notational convenience in this section. The ranges of the new
coordinates inherited from those of η and r are
0 < T < pi , 0 ≤ R < pi − T
−pi < U < pi , |U | < V < pi . (2.9)
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Note that Eq. 2.8 is the metric of the Einstein static universe which can be extended
smoothly to the boundaries of the new coordinates. So the conformal completion of FLRW
spacetimes is another spacetime (M, gab) where the manifold M is a region of the Einstein
static universe with boundaries at V = −U and at V = pi and the metric gab (Eq. 2.8) is
smooth everywhere including at the boundaries. From Eq. 2.7, we see that Ω diverges at
the boundary surface V = −U (corresponding to the Big Bang singularity), and Ω vanishes
at V = pi (corresponding to null infinity I ). The points V = U = pi and V = −U = pi
represent future timelike infinity i+ and spatial infinity i0, respectively. The Carter-Penrose
diagram for the conformally completed spacetime is depicted in Fig. 1.
FIG. 1. Carter-Penrose diagram for decelerating
FLRW spacetimes. The curve V = U (denoted by
a dashed line) is the axis of rotational symmetry
and the curve V = −U (denoted by a jagged line)
is the Big Bang singularity.
Despite its simplicity, the above construction can be misleading — the behaviour of the
conformal factor and the stress-energy at I in FLRW spacetimes is crucially different from
that in asymptotically flat spacetimes. This difference arises because the FLRW scale factor
(which conformally relates the FLRW metric to the Minkowski one) is divergent near I and
behaves as
a(η) = Ω−sAs with A ≡ 2 sin U+V
2
=̂ 2 cos U
2
(2.10)
and A smooth at I .
Consider, first, the conformal factor Eq. 2.7, which near I (where V = pi) behaves as
Ω ∼ cos U
2
(pi − V )1/(1−s) , ∇aΩ ∼ cos U2 (pi − V )s/(1−s)∇aV . (2.11)
Thus, given that 0 ≤ s < 1, Ω is not smooth and ∇aΩ =̂ 0 at I unless s = 0. It is tempting
to conclude that this is simply a bad choice for Ω and one should choose another conformal
factor which is smooth at I . It is easy to check that any new choice of conformal factor
Ω′ = ωΩ which is smooth at I and ∇aΩ′ 6=̂ 0 requires ω ∼ (pi − V )−s/(1−s). But then, the
new conformally rescaled metric g′ab = ω
2gab ∼ (pi − V )−2s/(1−s)gab diverges at I and one
7
would have to be extremely careful using the tools of differentiable geometry on I — in
fact, we would not even be able to conclude that I is a null surface. Thus, we will work
with conformal completions in which gab is smooth at I and allow the conformal factor Ω to
not be smooth.
This lack of smoothness of the conformal factor is not a serious drawback. Note that the
function Ω1−s is smooth and Ω1−s =̂ 0. Similarly, consider the covector defined by
na := Ω
−s∇aΩ = 11−s∇aΩ1−s =̂ − 2
−s
1−s
(
cos U
2
)1−s∇aV 6=̂ 0 . (2.12)
Thus, na is smooth and defines a non-vanishing normal to I . In addition, one can verify
that I is a null surface since nana = O(Ω1−s). We emphasize that Ω1−s is not a new choice
of conformal factor, the unphysical metric is still gab = Ω
2gˆab with the line element given by
Eq. 2.8. Similarly, the pullback of gab to I (where V = pi) induces a degenerate, smooth
metric qab with qabn
b =̂ 0. On cross-sections of U = constant, this is the metric given by
(cos U
2
)2SAB.
A direct computation shows that the divergence of the normal Eq. 2.12 on I is given by
∇ana =̂ −21−s 2−s1−s sin U2
(
cos U
2
)−s
. (2.13)
Just as in the asymptotically flat case, we can exploit the freedom in the conformal factor to
choose a new normal which is divergence-free; we will call this the divergence-free conformal
frame. To do this let Ω′ = sec U
2
Ω, so that the new normal satisfies
n′a := Ω
′−s∇aΩ′ =̂ − 2−s1−s∇aV 6=̂ 0 , ∇′an′a =̂ 0 , n′an′a = O(Ω′2(1−s)) . (2.14)
And further in this choice of conformal factor the new metric is g′ab = (sec
U
2
)2gab and the
induced metric on I is simply the unit round metric.
Another difference with asymptotically flat spacetimes is the presence of matter. For
asymptotically flat spacetimes the stress-energy tensor is required to decay as one approaches
I (specifically, Ω−2Tˆab should have a limit to I ).4 This clearly cannot be the case for
FLRW spacetimes which have a homogeneous stress-energy. For instance, the trace of the
stress-energy tensor is non-vanishing on I :
lim
→I
8pigabTˆab =
6s(1− 2s)
(1− s)2
(
sec U
2
)2
and lim
→I
8pig′abTˆab =
6s(1− 2s)
(1− s)2 , (2.15)
where the two expressions are evaluated in the initial choice of conformal frame versus the
divergence-free frame described above. The situation is worse, however, as certain components
4In asymptotically flat spacetimes, this falloff of the stress-energy holds for conformally invariant fields, e.g.,
Maxwell fields in electromagnetism. For radiative scalar field solutions Tˆab does not decay but has a finite
non-zero limit to I , see [41]. As we argue for FLRW spacetimes the behaviour of the stress-energy is even
worse as Tˆab diverges in the limit to I .
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of the stress-energy tensor diverge on I ! In particular we find that
8piTˆab = 2sΩ
2(s−1)nanb + 2sΩs−1τ(anb) +O(1) , (2.16)
where O(1) indicates terms which have a finite limit to I . The leading-order divergent term
(first term on the right-hand-side above) is independent of the choice of conformal frame,
while τa does depend on the choice of conformal factor (see Eq. 3.4). In particular, τa in the
initial frame versus the divergence-free frame is given by
τa =̂ tan
U
2
[∇aU +∇aV ] , τ ′a =̂ tan U2∇aV =̂ −2s(1− s) tan U2 n′a . (2.17)
In summary, we see that even though FLRW spacetimes are conformal to Minkowski
spacetime, their conformal completions have radically different properties at null infinity.
Motivated by the properties of I in exact FLRW spacetimes discussed above, we now
define a class of spacetimes whose behaviour at null infinity is similar to those of the FLRW
spacetimes.
3. SPACETIMES WITH A COSMOLOGICAL NULL ASYMPTOTE
In this section we define a class of spacetimes with a cosmological null asymptote and
discuss its geometric structure at null infinity in detail. The spacetimes in this class behave
like a decelerating FLRW spacetime at null infinity, similar to how asymptotically flat
spacetimes behave like Minkowski spacetime at null infinity. Similarities and differences with
asymptotically flat spacetimes are highlighted along the way.
Finally, given that decelerating FLRW spacetimes are the only explicit example satisfying
this definition, we construct a large class of spacetimes that have a cosmological null asymptote.
In fact, this construction illustrates that the class of spacetimes with a cosmological null
asymptote is even larger than the class of asymptotically flat spacetimes.
Definition 1 (Cosmological null asymptote). A (physical) spacetime (Mˆ, gˆab) satisfying
the Einstein equation Gˆab = 8piTˆab with stress-energy tensor Tˆab admits a cosmological null
asymptote at infinity if there exists another (unphysical) spacetime (M, gab) with boundary
I ∼= R× S2 and an embedding of Mˆ into M −I such that5
(1) There exists a function Ω > 0 which is smooth on Mˆ and can be, at least, continuously
extended to I such that
5We use the convention whereby Mˆ is identified with its image in M under the embedding.
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(a) Ω =̂ 0 and gab = Ω
2gˆab is smooth and nondegenerate on M , where =̂ stands for
“equals when evaluated on I ”, and,
(b) for some constant 0 ≤ s < 1, Ω1−s is smooth on M , and na := 11−s∇aΩ1−s is
nowhere vanishing on I .
(2) The stress-energy tensor Tˆab is such that
(a) lim
→I
gabTˆab exists, and,
(b) lim
→I
Ω1−s
[
8piTˆab − 2sΩ2(s−1)nanb
]
=̂ 2sτ(anb), for some smooth τa on I .
The condition (1.a) has the usual meaning that the boundary I is “infinitely far” from
all points in the physical spacetime Mˆ . That the boundary I is null, and not spacelike
or timelike, follows from other conditions in Def. 1 as we will show later in this section.
Condition (1.b) ensures that there is some (fractional) power of the conformal factor Ω which
is smooth at I with non-vanishing gradient which can be used as a normal to I . Since Ω1−s
is assumed to be smooth on M , the conformal factor Ω is smooth when 1
1−s is an integer,
otherwise it is only differentiable
⌊
1
1−s
⌋
-times at I . For the case of interest where, 0 ≤ s < 1,
we see that Ω is always at least once-differentiable and ∇aΩ = Ωsna =̂ 0.
The condition (2) ensures that the stress-energy tensor is “suitably regular” at I as
suggested by the behaviour of the stress-energy for decelerating FLRW spacetimes detailed
in § 2. In particular, condition (2.a) will be essential to showing that the boundary I is
a null hypersurface in M (see Eq. 3.2 below). Condition (2.b) places restrictions on the
singular behaviour in the stress-energy tensor at I — the leading-order singular term given
by 2sΩ2(s−1)nanb is “universal” while the next-order singular term is encoded in τa. This will
be crucial to show that I is, in fact, geodesic and has vanishing shear and expansion (see
Eq. 3.7 below).
Comparing to the special case of decelerating FLRW spacetimes, we may interpret the
parameter s as encoding the “asymptotic equation of state” or “asymptotic deceleration”
(Eq. 2.5) and Ω−s as the “asymptotic scale factor” (Eq. 2.10) upto functions that are smooth
at I . Note that for s = 0, we have na = ∇aΩ just as in the asymptotically flat case. However,
Def. 1 allows for a Tˆab which has a limit to I while standard definitions of asymptotic
flatness require instead the stronger condition that lim
→I
Ω−2Tˆab exists. For the results of this
section this stronger falloff condition will play no essential role and one is free to think of the
s = 0 case as the asymptotically flat case.
Remark 3.1 (Completeness of the asymptote I ). The standard definition of asymptotic
flatness also assumes that the integral curves of na, in a suitable choice of conformal factor Ω,
are complete (see § 11.1 of [38]). That is, null infinity of asymptotically flat spacetimes is “as
big as” null infinity of Minkowski spacetime. This global condition is essential, for instance,
in the definition of black hole spacetimes and for describing the asymptotic symmetry group,
see [42, 43] (see also § IV.C. of [40] for the role of the global topology of the asymptotic
boundary in the asymptotically de Sitter case). We will not be concerned with these global
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issues here and we leave the question of completeness of I unaddressed in Def. 1. In this
sense the I in Def. 1 is only a “local asymptote” and not necessarily a “global asymptotic
boundary”.
We now turn to showing that the asymptote I is indeed null as a consequence of the
Einstein equation and the conditions in Def. 1. Using the conformal relation condition (1.a)
between gab and gˆab, we can write the Einstein equation as:
8piTˆab = Gab + 2Ω
−1 (∇a∇bΩ− gab∇c∇cΩ) + 3Ω−2gab∇cΩ∇cΩ
= Gab + 2Ω
s−1 (∇anb − gab∇cnc) + Ω2(s−1) (2snanb + (3− 2s) gabncnc) .
(3.1)
Since Ω need not be twice-differentiable at I for a general s, in the second line we have
rewritten this in terms of na and Ω
1−s which are both smooth on I (condition (1.b)).
Contracting Eq. 3.1 with gab and multiplying by Ω2(1−s) we find
nana =
1
2−s
[
Ω1−s∇ana + Ω2(1−s)
(
4pi
3
gabTˆab +
1
6
R
)]
=̂ 0 , (3.2)
where the final equality on I uses condition (2.a). Thus, na is null on I and I is a null
hypersurface in M . Consequently, the null normal na is also tangential to I and the pullback
of gab defines an intrinsic metric qab := gab←− on I satisfying qabn
b =̂ 0, i.e. qab is degenerate
with signature (0,+,+).
There is considerable freedom in the choice of the conformal factor Ω relating the physical
and unphysical spacetimes. Given a choice of Ω satisfying the conditions in Def. 1, let Ω′ = ωΩ
be another conformal factor allowed by Def. 1. Since g′ab = Ω
′2gˆab = ω2gab, condition (1.a)
implies that ω > 0 is smooth on M . Note that any power of ω is also smooth on M since ω
does not vanish. Further, we have
n′a = ω
1−sna + Ω1−sω−s∇aω (3.3)
and thus n′a satisfies condition (1.b). Similarly, conditions (2.a) and (2.b) are satisfied in the
new completion with
τ ′a =̂ τa − 2∇a lnω . (3.4)
Thus, the freedom in the choice of conformal factor is any smooth function ω > 0 on M .
We can use this freedom to choose a conformal factor so that the null normal n′a = g′abn′b
is divergence-free on I . We proceed as follows
n′a = ω−1−sna + Ω1−sω−2−sgab∇bω (3.5a)
=⇒ ∇′an′a =̂ (4− 2s)ω−2−s£nω + ω−1−s∇ana . (3.5b)
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We choose ω so that it solves
£n lnω =̂ − 12(2−s)∇ana . (3.6)
Since Eq. 3.6 is an ordinary differential equation along each integral curve of na it always
has solutions locally. Since, we do not impose any “global” conditions on the asymptote
I (see Remark 3.1) the existence of such local solutions suffices for our purposes. Then,
from Eq. 3.5b it follows that ∇′an′a =̂ 0, i.e. the new null normal n′a is divergence-free
on I . Further, from Eq. 3.2 we see that the divergence-free normal is null in a first-
order neighbourhood of I , i.e. lim
→I
Ω′s−1n′an
′a =̂ 0. Henceforth, we will assume that some
such divergence-free conformal frame has been chosen and drop the “prime” from the notation.
Next, multiplying Eq. 3.1 by Ω1−s and using condition (2.b) we obtain:
∇anb = 12Ω1−s
[
8piTˆab − 2sΩ2(s−1)nanb
]
− 1
2
Ω1−sGab − 12gab
[
Ωs−1(3− 2s)ncnc − 2∇cnc
]
=̂ sτ(anb) . (3.7)
Further, contracting Eq. 3.7 with gab (or alternatively, contracting condition (2.b) with gab
and using condition (2.a)) we have (in any divergence-free conformal frame)
naτa =̂ 0 . (3.8)
Note that, unlike the case of asymptotically flat spacetimes, ∇anb 6=̂ 0, i.e. the Bondi
condition is not satisfied when s 6= 0 due to the matter term τa. However, the pullback
of ∇anb to I still vanishes. Thus, I has vanishing shear and expansion, is generated by
affinely-parametrised null geodesics with tangent na, and the degenerate metric qab on I
satisfies
£nqab =̂ 0 , (3.9)
that is, qab is the lift to I of a positive-definite metric on the space of generators S ∼= S2.
Even in a divergence-free conformal frame, there is a residual conformal freedom
Ω 7→ Ω′ = ωΩ with £nω =̂ 0. Note that, from Eqs. 3.4 and 3.5a, we see that Eq. 3.8 holds
for any such choice of ω. This conformal freedom can be used to restrict the metric qab
as follows. Let S ∼= S2 be some cross-section of I . It follows from the uniformization
theorem (for instance see Ch. 8 of [44])6 that any metric on S is conformal to the unit round
metric on S2 (that is, the metric with constant Ricci scalar with value 2). Thus, we can
always choose the conformal factor so that the metric qab on this cross-section S is also the
unit round metric of S2. From Eq. 3.9, it then follows that this holds on any cross-section.
6The uniformization theorem is a global result depending on the topology of the 2-dimensional space. Locally,
all metrics of a particular signature on a 2-surface are conformally-equivalent, Problem 2 Ch. 3 of [38].
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This defines a Bondi conformal frame. Thus on I , in the Bondi conformal frame the di-
vergence of the normal na vanishes and the induced metric qab is that of a unit round 2-sphere.
In summary, we see that null infinity for spacetimes satisfying Def. 1 has many similarities
to those of asymptotically flat spacetimes: (i) the asymptoteI is indeed null, as a consequence
of the Einstein equation and the conditions on the stress-energy in Def. 1; (ii) One can pick
the conformal factor so that the normal na is divergence-free and the induced metric qab
coincides with that of a unit round 2-sphere. However, there are also some very crucial
differences: (a) The stress-energy tensor Tˆab diverges at I , as specified in condition (2.b),
similar to its behaviour in exact FLRW spacetimes as detailed in § 2; (b) the conformal
factor Ω is not smooth at I — its degree of smoothness is parametrized by a fractional
parameter s so that Ω1−s is smooth and 1
1−s∇aΩ1−s defines the non-vanishing normal at I ;
(c) Due to the diverging stress-energy tensor, the Bondi condition cannot be satisfied at I
(see Eq. 3.7).
As we shall show in § 4 below, the above similarities and differences manifest themselves
directly in the asymptotic symmetry algebra of spacetimes with a cosmological null asymp-
tote — the symmetry algebra has a structure quite similar to the usual BMS algebra of
asymptotically flat spacetimes but is not isomorphic to the BMS algebra when s 6= 0.
1. Existence of a large class of spacetimes with a cosmological null asymptote
In the asymptotically flat case, the existence of a large class of spacetimes (beyond the
known exact solutions like Kerr-Newman or Vaidya spacetimes) satisfying the requisite
properties is supported by many nontrivial results. Geroch and Xanthopoulos showed that in
vacuum general relativity asymptotic flatness is linearisation stable, i.e., linear perturbations
with initial data of compact support on some Cauchy surface preserve the conditions for
asymptotic flatness at null infinity [45] (see also [46]). In full nonlinear general relativity the
existence of a large class of asymptotically flat spacetimes is supported by many results; see
[44, 47–51].
However, the only exact solutions (that we are aware of) satisfying Def. 1, for a given value
of s, are the decelerating FLRW spacetimes detailed in § 2. Thus, in this section we turn our
attention to showing that there does indeed exist a large class of spacetimes satisfying Def. 1.
Generalizing the stability results mentioned above promises to be a difficult task. For the
case of FLRW with a positive cosmological constant some global stability results have been
proven in [52, 53], as well as for some non-accelerating cases but with spatial topology of
a 3-torus [54, 55]. Global stability has also been shown for the Einstein-Vlasov equations
for initial data of compact support enjoying certain symmetries [56]. However, no global
stability results exist for the decelerating FLRW spacetimes of interest here (see § 2). Even
the linearization stability result of Geroch and Xanthopoulos does not seem to generalize
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straightforwardly. The presence of matter complicates the linearized equations of motion
considerably. Additionally, one would also need to suitably modify the gauge choice used
in [45].7 Instead we will show that given any asymptotically flat spacetime, possibly with
some matter stress-energy tensor, we can construct a different physical spacetime with a
different stress-energy tensor satisfying Def. 1. The reader not interested in the details of
this construction may safely skip this subsection.
Let (M˚, g˚ab) be an asymptotically flat spacetime with stress-energy tensor T˚ab, and let Ω˚
be a smooth conformal factor for its completion to the unphysical spacetime (M, gab) with
null infinity I , then we have
gab = Ω˚
2g˚ab , Ω˚ =̂ 0 , n˚a = ∇aΩ˚ 6=̂ 0 , and lim→I Ω˚
−2T˚ab exists . (3.10)
Further, let us assume that Ω˚ is chosen such that ∇an˚b =̂ 0 and qab =̂ gab←− is the unit round
metric.
For 0 ≤ s < 1, we want to construct a physical spacetime (Mˆ, gˆab) with stress-energy
Tˆab and conformal factor Ω so that it has the same conformal completion (M, gab) in a
neighbourhood of I such that (at least some part of) I is a cosmological null asymptote for
(Mˆ, gˆab) in the sense of Def. 1. We proceed as follows. Let A > 0 be some smooth function
on M which satisfies n˚a∇aA =̂ 0 and define Ω through the relation
Ω˚ = Ω1−sAs . (3.11)
Then, since s < 1, we have Ω =̂ 0 and na := Ω
−s∇aΩ satisfies
na =̂
1
1−sA
−sn˚a 6=̂ 0 , lim→I Ω
s−1nana =̂ ∇ana =̂ 0 , ∇anb =̂ −2sn(a∇b) lnA . (3.12)
Next, in a neighbourhood of I we define the “asymptotic scale factor” α by
α := Ω−sAs . (3.13)
Note that α is not smooth at I , just as the scale factor of FLRW spacetimes is not. Now
we can finally construct the physical metric gˆab by
gˆab := Ω
−2gab = α2g˚ab (3.14)
7Note that the frequently used harmonic gauge is not a suitable choice at null infinity even in asymptotically
flat spacetimes in 4-dimensions [46]: in coordinate form, the solutions in harmonic gauge behave like ln r
in the Bondi coordinate r near I . The transverse-traceless gauge in FLRW is also not suitable since it is
adapted to the homogenous spatial slices which do not reach null infinity.
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and the stress-energy tensor Tˆab by
8piTˆab := 8piT˚ab − 2α−1
[∇a∇bα− gab∇2α + Ωs−1(2∇(aαnb) + £nαgab)]− 3α−2gab∇cα∇cα
= 8piT˚ab − 2α−1
(
∇ˆa∇ˆbα− gˆab∇ˆ2α
)
− 3α−2gˆab∇ˆcα∇ˆcα ,
(3.15)
where in the second line we have converted to the physical covariant derivative ∇ˆ. With the
above definitions it is straightforward to check that
G˚ab = 8piT˚ab =⇒ Gˆab = 8piTˆab . (3.16)
So far, we have merely performed some conformal transformations starting from some
arbitrary asymptotically flat spacetime to construct a new metric gˆab and a new stress-energy
tensor Tˆab such that Einstein equation is satisfied. Therefore, at this point, it is not at all
obvious that Tˆab satisfies the conditions on the stress-energy tensor in Def. 1. We will now
show that the conditions on A naturally ensure this. We start by rewriting Eq. 3.15 in terms
of the smooth function A:
8piTˆab = 8piT˚ab + 2s
[
Ω2(s−1)nanb + Ωs−1∇anb − 2(1− s)Ωs−1n(a∇b) lnA
− s∇a lnA∇b lnA−∇a∇b lnA
]
+ sgab
[
(4− 3s)Ω2(s−1)ncnc − 2Ωs−1∇cnc
− 2(1− s)Ωs−1£n lnA+ 2∇2 lnA− s∇c lnA∇c lnA
]
.
(3.17)
Since lim
→I
Ω˚−2T˚ab exists, we find that
lim
→I
8pigabTˆab = 6s
[
(3− 2s)Ω2(s−1)nana − Ωs−1∇ana
− 2(1− s)Ωs−1£n lnA− s∇a lnA∇a lnA+∇2 lnA
]
.
(3.18)
Using Eq. 3.12, it is clear that this limit exists so that condition (2.a) is satisfied. Furthermore,
we also obtain
lim
→I
Ω1−s
[
8piTˆab − 2sΩ2(s−1)nanb
]
= −4sn(a∇b) lnA , (3.19)
so that
τa =̂ −2∇a lnA , naτa =̂ 0 . (3.20)
As a result, condition (2.b) is satisfied and this illustrates nicely the universal behaviour
of the leading order divergent part of the stress-energy tensor given by 2sΩ2(s−1)nanb. As
anticipated, the subleading divergent piece depends on A and is therefore not universal.
A few comments are in order. First of all, spacetimes constructed following the above
procedure always satisfy ∇[aτb] =̂ 0 so this construction does not generate all spacetimes
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allowed by Def. 1. Thus the class of spacetimes satisfying Def. 1 is at least as big as the class of
asymptotically flat spacetimes. Second, depending on the specifics of the function A, the Tˆab
constructed in this manner may or may not satisfy any (desirable) energy conditions. Third,
given that FLRW spacetimes are conformally flat, they obviously can also be constructed using
this procedure; the explicit construction is detailed in § 5.3 in the Bondi-Sachs coordinates
of the physical spacetime.
4. UNIVERSAL STRUCTURE ON I AND THE ASYMPTOTIC SYMMETRY
ALGEBRA
In this section, we describe the universal structure emerging from Def. 1. Next, we derive
the asymptotic symmetry algebra, which is the collection of all infinitesimal diffeomorphisms
of I that preserve the universal structure. This algebra shares similarities with the BMS
algebra of asymptotically flat spacetimes, but is not isomorphic to it. In particular, the
asymptotic symmetry algebra of spacetimes with a cosmological null asymptote does not
contain a translation subalgebra.
Given a spacetime satisfying Def. 1, the asymptote I is null with (local) topology
R × S2 and comes equipped with the intrinsic fields (qab, na) as discussed above. Due to
the freedom in the choice of the conformal factor Ω 7→ ωΩ, these fields are determined
by the physical spacetime only up to equivalence under the conformal transformations
(qab, n
a) 7→ (ω2qab, ω−1−sna).
While it may seem that different spacetimes give rise to different equivalence classes
of (qab, n
a) on I , these fields are in fact universal, i.e, independent of the chosen physical
spacetime. To see this, consider two physical spacetimes satisfying Def. 1 (for a given value
of s) with conformal completions with conformal factors Ω and Ω′ and their corresponding
null infinities I and I ′, respectively. In both spacetimes we choose the conformal factors so
that we are in the Bondi conformal frame, i.e., the normals na and n′a are divergence-free and
the metrics qab and q
′
ab are the unit round 2-sphere metrics. Then, there clearly exists a (not
unique) diffeomorphism between the space of generators S and S ′ of I and I ′, respectively,
such that the induced metric q
ab
on S maps to the induced metric q′
ab
on S ′ under this
diffeomorphism. Then, using this diffeomorphism we can identify the null generators of I
and I ′. Now let u and u′ be parameters along the null generators of I and I ′, respectively,
such that na∇au =̂ 1 and n′a∇au′ =̂ 1. We can identify the points along the null generators
by the diffeomorphism u =̂ u′. Since I and I ′ are both topologically R× S2, we have setup
a diffeomorphism between I and I ′ which identifies their normals and induced metrics in a
fixed conformal frame. Varying the conformal factor then also identifies their equivalence
classes under conformal transformations described above. This identification can be done for
any two, and hence all, spacetimes in the class defined by Def. 1 for any given value of s.
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Thus for a given s, the universal structure common to all spacetimes satisfying Def. 1 is
given by:
(1) a smooth manifold I ∼= R× S2,
(2) an equivalence class of pairs (qab, n
a) on I where na is a vector field and qab is a
(degenerate) metric with qabn
b =̂ 0 and £nqab =̂ 0, and,
(3) any two members of the equivalence class are related by the map (qab, n
a) 7→
(ω2qab, ω
−1−sna) for some ω > 0 satisfying £nω =̂ 0.
This universal structure is common to all spacetimes satisfying Def. 1 with a given value of
the parameter s. Physically different spacetimes are distinguishable only in the “next-order”
structure such as the matter field τa, the derivative operator on I induced by the derivative
operator compatible with gab on M and the curvature tensors.
The asymptotic symmetry algebra is the algebra of infinitesimal diffeomorphisms of I
which preserves this universal structure. Recall that we focus only on the asymptotic symmetry
algebra rather than the asymptotic symmetry group as this requires global conditions (see
Remark 3.1). For asymptotically flat spacetimes, the asymptotic symmetry algebra is the
BMS algebra. As we show below, despite the low differentiability of the conformal factor Ω
and the presence of matter fields on I , the asymptotic symmetry algebra for spacetimes
with a cosmological null asymptote is very similar to the BMS algebra.
Concretely, the asymptotic symmetry algebra consists of all smooth vector fields ξa on I
that map one pair (qab, n
a) to another equivalent pair (q′ab, n
′a) within the universal structure.
The conditions on ξa that ensure this are
£ξqab =̂ 2α(ξ)qab and £ξn
a =̂ −(1 + s)α(ξ)na , (4.1)
where α(ξ) is any function (depending on the vector field ξ
a) on I such that £nα(ξ) =̂ 0.
The vector fields ξa satisfying Eq. 4.1 form a Lie algebra which we denote by bs.
Next we explore the structure of this Lie algebra. Consider first vector fields of the form
ξa =̂ fna, which satisfy Eq. 4.1 iff £nf =̂ 0 and α(fn) =̂ 0. It can be verified that such vector
fields form an infinite-dimensional abelian subalgebra ss ⊂ bs of supertranslations. Further,
since £nf =̂ 0, f is a function on the space of generators of I which is topologically S2. Note
that under a change of conformal factor na 7→ ω−1−sna and as a result a fixed supertranslation
ξa =̂ fna is specified by a function f on S2 which transforms as f 7→ ω1+sf . Thus, the
supertranslation subalgebra is parametrized by smooth functions on S2 with conformal weight
1 + s.
Next, the Lie bracket of any vector field ξa in bs and a supertranslation fn
a is given by
[ξ, fn]a =
(
£ξf − (1 + s)α(ξ) f
)
na . (4.2)
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Using Eq. 4.1 it can be shown that the right-hand-side of the above is also a supertranslation,
thus the supertranslation subalgebra ss is a Lie ideal in bs. Therefore, we can quotient
bs with ss to get a Lie algebra bs/ss. To get a concrete realization of this quotient, note
that supertranslations preserve any null generator of I , and thus the quotient bs/ss can be
identified with vector fields on the space S of generators of I . Further, since £ξna ∝ na
and α(fn) =̂ 0 on I , from Eq. 4.1 it is clear that any X
a ∈ bs/ss satisfies
£Xqab =̂ 2α(X)qab , (4.3)
where q
ab
is the positive-definite metric on the space of generators S ∼= S2 whose lift to
I yields qab. In other words, Xa is a conformal Killing vector field on S2. Given that 2-
spheres carry a unique conformal structure, the Lie algebra bs/ss is the algebra of conformal
isometries of the unit 2-sphere which is isomorphic to the Lorentz algebra so(1, 3). Hence,
for spacetimes with a cosmological null asymptote the asymptotic symmetry algebra is given
by the semi-direct sum of supertranslations and the Lorentz algebra, i.e.,
bs ∼= so(1, 3)n ss . (4.4)
As is to be expected, for s = 0 the universal structure is identical to that of asymptotically
flat spacetimes and the algebra bs=0 ∼= bms is the BMS algebra. For s 6= 0 the symmetry
algebra is similar to the BMS algebra: it is a semi-direct sum of the Lorentz algebra with
an infinite-dimensional abelian algebra of supertranslations parametrized by conformally-
weighted functions on S2. However, the algebras bs for s 6= 0 are not isomorphic to the BMS
algebra. This is because the supertranslation functions in ss have conformal weight 1 + s,
while the BMS supertranslations have conformal weight 1. This difference is ultimately due
to the fact that the gradient of the conformal factor ∇aΩ does not define a “good” non-zero
normal to I when s 6= 0 and one needs to use 1
1−s∇aΩ1−s as the normal instead.
The difference in the conformal weight of the functions parametrizing the supertranslations
makes the structure of asymptotic symmetry algebra bs 6=0 very different from that of the
BMS algebra. Note that the Lie bracket Eq. 4.2, gives an action of the Lorentz algebra on the
supertranslation function f with conformal weight 1 + s. It can be shown that functions with
different conformal weights are different (infinite-dimensional irreducible) representations of
the Lorentz algebra (see [57]). In particular, the representation corresponding to functions of
conformal weight 1 has a 4-dimensional Lorentz-invariant space of functions which are the
preferred Lie subalgebra of translations in the BMS algebra — when the metric qab is a unit
round metric these are functions spanned by the first four spherical harmonics. However,
in the general case where s 6= 0 there is no finite-dimensional Lorentz-invariant space of
functions, and hence no finite-dimensional preferred Lie subalgebra of translations in bs [57].
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We provide a simple proof of this in Appendix A.
While we have characterized the asymptotic symmetries as vector fields intrinsic to I , they
can also be obtained as limits to I of vector fields in the physical spacetime which preserve
the asymptotic conditions in Def. 1. We give this alternative formulation in conformal
Bondi-Sachs coordinates in § 5.4.
Remark 4.1 (Comparison with the analysis of Kehagias-Riotto [31]). The above characteriza-
tion of the asymptotic algebra is in contradiction with the claim of Kehagias and Riotto who
find the BMS algebra for (linearly perturbed) FLRW spacetimes (§ 4 of [31]). Kehagias and
Riotto start with the FLRW metric in the form gˆab = a
2ηab with ηab the Minkowski metric
and consider infinitesimal transformations of the Minkowski metric £ξηab for some vector
field ξa which is a BMS vector field in the Minkowski spacetime. However, infinitesimal
diffeomorphism of FLRW and Minkowski metrics are related by
£ξgˆab = a
2£ξηab + 2(a£ξa)ηab = a
2£ξηab + 2(a
−1£ξa)gˆab . (4.5)
Thus, an infinitesimal diffeomorphism of FLRW cannot be written as a2 times an infinitesimal
diffeomorphism of Minkowski metric unless £ξa = 0, i.e. ξ
a is a spatial translation or a
rotation. Thus, apart from the exact Killing fields of FLRW spacetimes (see Remark 4.3
below), the asymptotic BMS symmetries derived in [31] do not arise from any infinitesi-
mal diffeomorphisms of the physical FLRW spacetimes. In other words, the infinitesimal
diffeomorphisms in [31] are not related to any standard notion of asymptotic symmetries.
Remark 4.2 (Relation to the conformal Carroll algebra). The universal structure described
above is a conformal Carroll structure on I . Carroll structures are obtained as the (degen-
erate) ultra-relativistic limit of Minkowski spacetime when the speed of light limits to zero.
The symmetry groups of such structures were first studied by Le´vy-Leblond [58]. Including
the freedom to perform conformal transformations then extends the Carroll group to the
conformal Carroll group [34–37]. The asymptotic symmetry algebras bs obtained above are
isomorphic to the Lie algebra of these conformal Carroll groups.
Remark 4.3 (Killing vector fields of decelerating FLRW spacetimes at I ). Since FLRW
spacetimes are homogenous and isotropic, they have six Killing vector fields: three spatial
translations T ai and three rotations R
a
i (with i ∈ {x, y, z} representing the Cartesian directions
in the spacelike surfaces of homogeneity). In the divergence-free conformal frame (see § 2)
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these take the following form at I :
T ai = −2s(1− s)
sin θ cosφsin θ sinφ
cos θ
na (4.6a)
Rai =
− sinφcosφ
0
 (∂θ)a +
− cot θ cosφ− cot θ sinφ
1
 (∂φ)a , (4.6b)
where we use matrix notation to enumerate i ∈ {x, y, z}. It is easy to verify that T ai and Rai
are elements of the asymptotic symmetry algebra bs, i.e., satisfy Eq. 4.1 with α(Ti) = α(Ri) = 0.
The spatial translations are a subalgebra of the supertranslations ss (that is, they satisfy
Eq. 4.2) and the rotations are a subalgebra of the Lorentz algebra so(1, 3). As explained
above (and proven in Appendix A) in general there are no unique preferred translations in the
algebra bs; the spatial translations described above are picked uniquely by the exact FLRW
spacetime. This is similar to how the BMS algebra does not contain a preferred Poincare´
subalgebra but the exact Minkowski spacetime does pick a unique Poincare´ subalgebra at
null infinity.
Remark 4.4 (Topology of I plays a key role). The fact that the space of generators S
is topologically S2 is critical in the derivation of the BMS algebra. In the context of
asymptotically flat spacetimes, [43] investigated the possibility of relaxing this condition
and found that depending on the global conformal structure of S the asymptotic symmetry
algebra can drastically change. In fact, generically no asymptotic symmetry algebra exists.
However, to represent radiation from isolated sources in asymptotically flat spacetimes it is
natural to require that I is homeomorphic to R× S2.
Remark 4.5 (Extensions of BMS). It has been suggested that the BMS algebra in asymptoti-
cally flat spacetimes should be extended to include either the Virasoro algebra [59, 60] or all
diffeomorphisms of the 2-sphere [61, 62]. However, the Virasoro vector fields are necessarily
singular on the 2-spheres and hence do not even preserve the smoothness structure of null
infinity. Similarly, since the conformal class of the 2-sphere metric is part of the universal
structure, the extension by all diffeomorphisms of S2 can always be reduced back to the
Lorentz Lie algebra. It has also been shown that the extension to all diffeomorphisms of S2
cannot be implemented in the covariant phase space in a local and covariant manner [63].
Hence, for the remainder of this paper we shall not work with such enlarged symmetries.
5. CONFORMAL AND PHYSICAL BONDI-SACHS COORDINATES
We have defined spacetimes with cosmological null asymptotes (Def. 1) in a covariant
manner in terms of a conformal completion. But for certain practical applications, it is
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handy to have a suitable coordinate system at one’s disposal. In this section, we construct
such coordinates, in both the unphysical and physical spacetimes, similar to the Bondi-Sachs
coordinates [1, 15] often used in the study of asymptotically flat spacetimes.8
We first construct conformal Bondi-Sachs coordinates for the unphysical metric in a
neighbourhood of I using an asymptotic expansion. This asymptotic expansion also allows
us to show, by direct computation, that the peeling theorem is not satisfied in this class of
spacetimes (see Remark 5.1).
The conformal Bondi-Sachs coordinates can then be used to setup Bondi-Sachs-type
coordinates, in which I is located at an “infinite radial distance” in the physical spacetime.
Since — unlike the asymptotically flat case — the conformal factor Ω is not smooth at I
while Ω1−s is, we have two natural candidates for such a radial coordinate. We derive the
asymptotic behaviour of the metric for both choices.
1. Conformal Bondi-Sachs coordinates in the unphysical spacetime
To construct the conformal Bondi-Sachs coordinates in a neighbourhood of I , we first
choose coordinates on I as follows. Let u be the parameter along the null generators so
that na∇au =̂ 1, and let Su ∼= S2 be the cross-sections of I with u = constant. On some
cross-section Su0 with u =̂ u0 we pick coordinate functions
9 xA and parallel transport them
to other cross-sections Su along the null generators, n
a∇axA =̂ 0. Then (u, xA) serve as
coordinates on I .
Next we need to pick a coordinate away from I . Note that, unlike the asymptotically
flat case, ∇aΩ =̂ 0 for s 6= 0 and so the conformal factor Ω is not a “good” coordinate away
from I . However, na =
1
1−s∇aΩ1−s 6=̂ 0 and thus we can use
Ω˜ := 1
1−sΩ
1−s (5.1)
as a coordinate function in a neighbourhood of I with I corresponding to Ω˜ = 0.
Now we extend the coordinates (u, xA) away from I . Consider the null hypersurfaces
transverse to I that intersect I in the cross-sections Su. In a sufficiently small neigh-
bourhood of I , such null hypersurfaces do not intersect each other and thus generate a
null foliation. We first extend the coordinate u by demanding that it be constant along
8We emphasize that the Bondi-Sachs coordinates, though useful, are not “divinely prescribed” in any
meaningful sense. One can construct other coordinates in both the unphysical and physical spacetimes that
can be similarly useful. For instance, the conformal Gaußian coordinates [7, 64] near I are convenient in the
study of asymptotic flatness in higher dimensions. These coordinates describing the unphysical spacetime are
related to the affine-null coordinates of Winicour [65] in the physical spacetime. Note that the coordinates
used in § 2 to construct the conformal completion of FLRW spacetimes are not Bondi-Sachs coordinates.
9Note the precise choice of coordinates xA on Su0 is not relevant, one can choose polar coordinates, or
stereographic coordinates or any other coordinates that one wishes. In general, we need more than one
coordinate patch to cover all of Su0
∼= S2 but this subtlety will not be important.
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these null hypersurfaces. Then let la := −∇au be the future-directed null normal to these
hypersurfaces — i.e., lala = 0 — normalised so that l
ana =̂ −1. Then, we extend the
angular coordinates to a neighourhood of I by parallel transport la∇axA = 0. This con-
cludes the setup of the conformal Bondi-Sachs coordinates (u, Ω˜, xA) in a neighbourhood ofI .
The general form of the unphysical metric in these coordinates is then
ds2 = −We2βdu2 + 2e2βdudΩ˜ + hAB(dxA − UAdu)(dxB − UBdu) , (5.2)
where W , β, hAB, and U
A are smooth functions of (u, Ω˜, xA), and gΩ˜Ω˜ = gΩ˜A = 0 follow from
lala = l
a∇axA = 0.
The metric components are still rather generic. By making a particular choice for the
conformal factor Ω, we restrict the freedom of the metric components hAB. As shown in § 3,
at I we can pick the conformal factor so that na is divergence-free and geodesic and we
are in the Bondi conformal frame. In this frame, u is the affine parameter along the null
generators. Further, the conformal factor can also be chosen such that on the cross-section
Su0 , hAB =̂ qAB is the metric of a unit round sphere in the coordinates x
A (as discussed in § 3,
the coordinate invariant statement is that the Ricci scalar R of the metric is 2). Moreover,
from Eq. 3.9, we have ∂uqAB =̂ 0 and consequently the metric on all cross-sections Su is
also the unit round metric. To pick the conformal factor away from I , note that under an
additional conformal transformation Ω′ = ωΩ, with ω =̂ 1 we have
deth′ = ω4 deth , (5.3)
where the determinant is computed in the choice of coordinates xA. Away from I we can
use the above freedom in the conformal factor to impose
deth = det q , (5.4)
that is, the spheres of constant u and Ω˜ have area 4pi. This exhausts the freedom in the
conformal factor. In the remainder of this section we will use the convention that the angular
indices A,B, . . . are raised and lowered with the unit round metric qAB and denote the
covariant derivative of qAB by ðA.
We assume that the metric components in Eq. 5.2 have an asymptotic expansion in integer
powers of Ω˜ near I . In particular, we have
hAB = qAB + Ω˜CAB + Ω˜
2dAB +O(Ω˜3) . (5.5)
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Imposing Eq. 5.4 we get
qABCAB = 0 , q
ABdAB =
1
2
CABCAB . (5.6)
Similarly, for our choice of coordinates and in the Bondi conformal frame we have na∇au =̂ 1,
na∇axA =̂ 0 and nana = O(Ω˜2), which immediately imply the following falloff behavior of
the expansion coefficients:
W = Ω˜2W (2) +O(Ω˜3) , UA = Ω˜U (1)A +O(Ω˜2) , β = Ω˜β(1) +O(Ω˜2) . (5.7)
Let us define lim
→I
8pigabTˆab =̂ T and decompose τa as
τa =̂ τna + τA∇axA , (5.8)
where we used Eq. 3.8 to set the u-component of τa to zero. Using Eq. 3.2 we get
W (2) = (1−s)
3
2(1−s3)
[
T + 2 + 2s∂uτ + 2s(2+s)1−s ðAτA + 12s2τAτA
]
(5.9)
and similarly from Eq. 3.7 we obtain
UA(1) = sτA , β(1) = −1
2
sτ . (5.10)
Note that the singular term in the stress-energy given by τa appears in the leading-order
non-trivial metric coefficients. For asymptotically flat spacetimes, UA(1) and β(1) both vanish
and W (2) = 1.
To summarise, in the conformal Bondi-Sachs coordinates (u, Ω˜, xA) we have the unphysical
metric Eq. 5.2 with the following asymptotic expansions
W = Ω˜2W (2) + Ω˜3W (3) +O(Ω˜4) (5.11a)
β = −1
2
sΩ˜τ + Ω˜2β(2) +O(Ω˜3) (5.11b)
UA = sΩ˜τA + Ω˜2U (2)A + Ω˜3U (3)A +O(Ω˜4) (5.11c)
hAB = qAB + Ω˜CAB + Ω˜
2dAB +O(Ω˜3) , (5.11d)
where W (2) is given in terms of the stress-energy tensor in Eq. 5.9, CAB is traceless and
the trace of dAB is specified in Eq. 5.6. In the case of asymptotically flat spacetimes, the
coefficients W (3) and U (3)A are often written as
W (3)
flat
= −2M , U (3)A flat= −2
3
NA + 1
16
ðA(CBCCBC) + 12C
ABðCCBC , (5.12)
where M and NA are referred to as the mass and angular momentum aspect, respectively
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[1, 66]. Indeed, for asymptotically flat spacetimes M and NA encode the mass and angular
momentum of the spacetime at null infinity [41]. This interpretation is supported by explicit
examples such as the Kerr-Newman and Vaidya metric, the Landau-Lifschitz approach to
defining balance laws [67] and put on a firm ground by an analysis of the covariant phase
space of asymptotically flat spacetimes [19, 41, 68]. Since a similar analysis has not been
done for FLRW spacetimes, the coefficients W (3) and U (3)A should at this stage not be
interpreted as the mass and angular momentum aspect in the usual sense; especially given
that the asymptotic symmetry algebra does not have a preferred translation subalgebra —
as discussed in § 4 and Appendix A — even the notion of mass appears to be ambiguous.
Remark 5.1 (Failure of peeling). Since the unphysical metric gab is smooth at I , so is its
Weyl tensor. However, unlike the case of asymptotically flat spacetimes the Weyl tensor does
not vanish at I , Cabcd 6=̂ 0, and consequently its decay is “slower” than that of asymptotically
flat spacetimes. Specifically, at I we can choose the null tetrad
na =̂ ∇aΩ˜ , la =̂ −∇au , ma =̂ 1√2(∇aθ + i sin θ∇aφ) , ma =̂ 1√2(∇aθ − i sin θ∇aφ) ,
(5.13)
where (θ, φ) are polar coordinates on the cross-sections of I . Then, using Eqs. 5.2 and 5.11,
the Newman-Penrose components of the Weyl tensor at I are (following the conventions in
[69])
Ψ4 := −Cabcdmanbmcnd =̂ 0 , Ω˜−1Ψ4 =̂
(
1
2
∂2uCAB + s∂uðAτB + 12s
2τA∂uτB
)
mAmB
(5.14a)
Ψ3 := −Cabcdlanbmcnd =̂ − s4∂uτAmA (5.14b)
Ψ2 := −Cabcdlambmcnd =̂ −16
[
W (2) − 1− s (∂uτ + 12ðAτA + sτAτA + 32iABðAτB)] (5.14c)
while Ψ1 and Ψ0 have more complicated expressions involving the second-order quantities
dAB and U
(2)A. From these expressions it is clear that the Weyl tensor does not respect
the usual “peeling” order due to the presence of the matter terms encoded in τa and the
deviation of W (2) from 1. Note, however, that the Weyl tensor does vanish at I for the
spacetimes constructed in § 3.1 since their conformal completion is — by construction — the
same as that of some asymptotically flat spacetime.
2. Bondi-Sachs-type coordinates in the physical spacetime
The conformal Bondi-Sachs coordinates for the unphysical spacetime constructed above
can be used to obtain asymptotic coordinates for the physical metric. In the conformal
Bondi-Sachs coordinates, the physical metric is
dsˆ2 =
[
(1− s)Ω˜
]− 2
1−s
[
−We2βdu2 +2e2βdudΩ˜+hAB(dxA−UAdu)(dxB−UBdu)
]
. (5.15)
24
Note that the surfaces of constant u are outgoing null surfaces in the physical spacetime.
To put this metric in a more familiar form, we define a radial coordinate in the physical
spacetime so that I is approached as the radial coordinate goes to infinity along the null
surfaces of constant u. There are two natural choices for such a radial coordinate, which we
detail below.
Since, in the unphysical spacetime Ω˜ is a good coordinate at I where Ω˜ =̂ 0, we can
define the “radial” coordinate r˜ by
r˜ := Ω˜−1 (5.16)
so that I is approached as r˜ →∞. In these coordinates (u, r˜, xA), the physical metric is
dsˆ2 =
(
r˜s
1− s
) 2
1−s [− V˜
r˜
e2βdu2 − 2e2βdudr˜ + r˜2hAB(dxA − UAdu)(dxB − UBdu)
]
, (5.17)
where V˜ := r˜3W . The overall “scale factor” r˜
2s
1−s does not fall off as r˜ → ∞, but the
remaining metric components have the following falloffs in integer powers of 1/r˜
V˜
r˜
= W (2) +
W (3)
r˜
+O(1/r˜2) (5.18a)
e2β = 1− sτ
r˜
+
1
r˜2
(
2β(2) + 1
2
s2τ 2
)
+O(1/r˜3) (5.18b)
UA =
1
r˜
sτA +
1
r˜2
U (2)A +
U (3)A
r˜3
+O(1/r˜4) (5.18c)
hAB = qAB +
1
r˜
CAB +
1
r˜2
dAB +O(1/r˜3) . (5.18d)
In these coordinates the physical area of the spheres of constant u and r˜ is 4pi
(
r˜
1−s
) 2
1−s .
We can instead follow the original construction by Bondi and van der Burg (Part B of [1])
and define a radial coordinate r so that the physical area of the spheres of constant u and r
is 4pir2. In terms of the conformal factor this is given by (see also [66])
r := Ω−1 =
(
r˜
1− s
)1/(1−s)
(5.19)
and the physical metric is
dsˆ2 = −V
r
e2βdu2 − 2rse2βdudr + r2hAB(dxA − UAdu)(dxB − UBdu) (5.20)
with V := r3W . However, note that the metric components now do not have an expansion
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in terms of integer powers of 1/r when s 6= 0, instead we have
V
r
=
r2s
(1− s)2
[
W (2) − 1
(1− s)
W (3)
r1−s
+O(1/r2(1−s))
]
(5.21a)
rse2β = rs
[
1− 1
(1− s)
sτ
r1−s
+
1
(1− s)2
1
r2(1−s)
(
2β(2) + 1
2
s2τ 2
)
+O(1/r3(1−s))
]
(5.21b)
UA =
1
(1− s)
1
r1−s
sτA +
1
(1− s)2
1
r2(1−s)
U (2)A +
1
(1− s)3
U (3)A
r3(1−s)
+O(1/r4(1−s)) (5.21c)
hAB = qAB +
1
(1− s)
1
r1−s
CAB +
1
(1− s)2
1
r2(1−s)
dAB +O(1/r3(1−s)) . (5.21d)
In the asymptotically flat case, both choices for the radial coordinate are the same r˜ = r
and we reproduce the usual falloff conditions in Bondi-Sachs coordinates (see for example
[41]). Just as in the asymptotically flat case, one can use the falloffs in either Eqs. 5.17
and 5.18 or Eqs. 5.20 and 5.21 as the definition of the asymptotics of the spacetimes in Def. 1
in these choices of coordinates.
Remark 5.2. Note that neither r˜ nor r is a well-behaved coordinate at I . In particular, the
coordinate basis covectors
(dr˜)a = −Ω˜−2na , (dr)a = −Ωs−2na (5.22)
diverge at I and, similarly, the coordinate basis vectors (∂r˜)a and (∂r)a vanish at I .
Thus, one must be careful while dealing with r˜- or r-components of tensors. For instance,
consider the leading divergent piece of the stress-energy tensor Tˆab in Eq. 2.16, which in these
coordinates takes the form
2sΩ2(s−1)nanb =
2s
(1− s)2r˜2 (dr˜)a(dr˜)b =
2s
r2
(dr)a(dr)b . (5.23)
Thus, the components Tˆr˜r˜ and Tˆrr fall off as 1/r˜
2 and 1/r2, respectively, near I (these are
the falloff conditions imposed in Eq. A.4 of [31]). However, one should not conclude that
this stress-energy tensor is smooth at, or decays towards, I . A Tˆab which is smooth at I
fallsoff as Tˆr˜r˜ ∼ 1/r˜4 and Tˆrr ∼ 1/r4, and for an asymptotically flat stress-energy (Ω−2Tˆab
being finite at I ) we have Tˆrr ∼ 1/r6.
3. FLRW in Bondi-Sachs coordinates
FLRW spacetimes being our canonical example for spacetimes satisfying Def. 1, in this
section we compute the expansion coefficients of the metric components of decelerating
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FLRW spacetimes in the physical (u, r˜, xA) Bondi-Sachs coordinates constructed above. The
computation below is in essence an explicit version of the construction in § 3.1.
Consider the physical FLRW metric
dsˆ2 = a2(−dη2 + d˚r2 + r˚2qABdx˚Adx˚B)
= a2(−du˚2 − 2du˚d˚r + r˚2qABdx˚Adx˚B) ,
(5.24)
where in the second line we have switched to a Bondi-Sachs coordinate system for the flat
spacetime, with u˚ := η − r˚ and the FLRW scale factor is given by
a2 = (˚r + u˚)2s/(1−s) = r˚2s/(1−s)A2s/(1−s) , A = 1 +
u˚
r˚
. (5.25)
Apart from the overall r˚2s/(1−s), we can expand A2s/(1−s) in inverse powers of r˚ to get the
asymptotic form of the metric for large r˚. However, this asymptotic form of the metric does
not coincide with the one given in Eqs. 5.17 and 5.18, since the coordinates are adapted to
the flat and not the FLRW spacetime. This is illustrated by the fact that the area of spheres
with constant u˚ and r˚ depend on the values of u˚ and r˚.
To put the FLRW metric in the form given in Eqs. 5.17 and 5.18 we choose new coordinates
(u, r˜, xA) defined by
u = (1− s)˚u , r˜ = (1− s)˚rAs , xA = x˚A . (5.26)
In these coordinates the scale factor is given by
a2 =
(
r˜s
1− s
)2/(1−s)
(1− s)2A2s (5.27)
and, using Eqs. 5.25 and 5.26, the function A satisfies the equation
A = 1 + As
u
r˜
. (5.28)
For large r˜, this has the solution
A = 1 +
u
r˜
+ s
u2
r˜2
+O(1/r˜3) . (5.29)
In the new coordinates Eq. 5.26, the FLRW metric in Eq. 5.24 takes the form in Eq. 5.17
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with the metric components falling off as
V˜
r˜
= (1− 2s) + 2s(1− s)u
r˜
− 3
2
s(1− s)(1− 2s)u
2
r˜2
+O(1/r˜3)
e2β = 1 + 2s
u
r˜
− 3
2
s(1− 3s)u
2
r˜2
+O(1/r˜3)
hAB = qAB , U
A = 0 ,
(5.30)
where we used Eqs. 5.27 and 5.29. Note that since an FLRW spacetime is isotropic (spherically
symmetric) and the coordinate system (u, r˜, xA) is adapted to this spherical symmetry, the
metric coefficients UA vanish to all orders. Further, for the same reason all coefficients in the
1/r˜ expansion of V˜ /r˜ and e2β are functions of u only. However, the homogeneity (spatial
translation symmetry) of the FLRW spacetime is not manifest in these coordinates.
4. Asymptotic symmetries in Bondi-Sachs coordinates
In § 4 we described the asymptotic symmetries of spacetimes with a cosmological null
asymptote in terms of vector fields intrinsic to I that preserve the universal structure. Here,
we will briefly describe these asymptotic symmetries in terms of vector fields in the conformal
Bondi-Sachs coordinates constructed above.10
Let ξa be any vector field on Mˆ and let ξˆa = gˆabξ
b. The physical metric perturbation gen-
erated by a diffeomorphism along ξa is γˆab = £ξgˆab = 2∇ˆ(aξˆb). Let ξa extend smoothly to the
conformally completed spacetime M — so that it preserves the smooth differential structure
at I , and denote the covector by ξa = gabξb = Ω2ξˆa. The corresponding perturbation to the
conformally completed metric gab is given by
γab = Ω
2γˆab = 2∇(aξb) − 2Ω−1∇cΩ ξcgab
= 2∇(aξb) − 21−sΩ˜−1 ncξcgab .
(5.31)
Preserving the smoothness of gab at I requires that γab also be smooth at I . Consequently,
Eq. 5.31 implies that ξana =̂ 0; ξ
a is tangential to I .
To extract more information from the above equation, let us expand the components of
ξa also in powers of Ω˜ (note ξΩ˜(0) = 0 since ξ
ana =̂ 0)
ξu = F + Ω˜ξu(1) + Ω˜
2ξu(2) +O(Ω˜3)
ξΩ˜ = Ω˜ξΩ˜(1) + Ω˜
2ξΩ˜(2) +O(Ω˜3)
ξA = XA + Ω˜ξA(1) + Ω˜
2ξA(2) +O(Ω˜3)
(5.32)
10A similar description can also be given in terms of the physical coordinates following the analysis of [2].
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and then impose the falloff conditions Eqs. 5.2 and 5.11 on γab order by order in Ω˜. At leading
order, i.e., from the vanishing of γab at order Ω˜
0, we obtain the following set of equations
∂uF =
1+s
1−sξ
Ω˜
(1) (5.33a)
ξu(1) = ∂uX
A = 0 (5.33b)
ξA(1) = −ðAF (5.33c)
2ð(AXB) = 21−sqABξ
Ω˜
(1) . (5.33d)
Furthermore, by contracting Eq. 5.31 with gab we find that Ω˜−1ncξc =̂ 1−s4 ∇aξa, which
imposes the following additional relation:
− 3+s
1−sξ
Ω˜
(1) + ðAXA + ∂uF = 0 . (5.34)
Solving these conditions, we find that the order Ω˜0 parts of ξa satisfy
2ð(AXB) = qABðCXC , F = f + 1+s2 uðAX
A with ∂uf = ∂uX
A = 0 . (5.35)
This illustrates that the vector fields which preserve the falloff conditions Eqs. 5.2 and 5.11
in the conformal Bondi-Sachs coordinates induce the vector field f∂u +X
A∂A on I , where
f(xA)∂u is a supertranslation and X
A a conformal Killing field on S2, with α(f) = 0 and
α(X) =
1
2
ðAXA (in Eq. 4.1). Explicitly evaluating the Lie bracket between these vector fields,
one can confirm that Eq. 4.2 is satisfied. Thus, we recover the asymptotic symmetry algebra
bs discussed in § 4. Note that the dependence on s in Eq. 5.35 also implies that this algebra
is not isomorphic to the BMS algebra.
From Eq. 5.33, one can also solve for the order Ω˜1 part of these asymptotic symmetry
vector fields:
ξu(1) = 0 , ξ
Ω˜
(1) =
1−s
2
ðAXA , ξA(1) = −ðAF . (5.36)
Evaluating γab at order Ω˜
1 we get the transformations of the coefficients of the metric
β(1), U
(1)
A and CAB. To determine how these coefficients transform, we need to determine ξ
Ω˜
(2),
which can be obtained by preserving the condition qABCAB = 0 under diffeomorphisms:11
qABδξCAB = q
AB£XCAB + 2ðAξ(1)A − 2U (1)A ðAF − 41−sξΩ˜(2) = 0
=⇒ ξΩ˜(2) = −1−s2
[
ð2F + U (1)A ð
AF
]
,
(5.37)
11For completeness, we also include the other components of ξa at order Ω˜2, although these are not used in
this paper: ξu(2) = 0 , ξ
A
(2) =
1
2C
A
BðBF − β(1)ðAF .
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where we have used Eq. 5.36 and that XA is a conformal Killing field for qAB. Then we have
δξβ
(1) = F∂uβ
(1) + £Xβ
(1) + 1−s
2
β(1)ðAXA + 1+s2 U
(1)
A ð
AF + s
2
ð2F (5.38a)
δξU
(1)
A = F∂uU
(1)
A + £XU
(1)
A + sðAðBX
B (5.38b)
δξCAB = F∂uCAB − 2
(
ðAðBF − 12qABð2F
)
+ £XCAB − 1+s2 CABðCXC
− 2
(
U
(1)
(A ðB)F − 12qABU (1)C ðCF
)
.
(5.38c)
These expressions reduce to their asymptotically flat counterparts when s = 0. From Eq. 5.10,
we can rewrite the first two equations in terms of τa (the diverging piece of the stress-energy)
as
δξτ = F∂uτ − (1 + s)τAðAF − ð2F + £Xτ + 1−s2 τðAXA (5.39a)
δξτA = F∂uτA + £XτA + ðAðBXB . (5.39b)
The higher order coefficients of ξa and transformations of the metric coefficients can be
obtained in an analogous way.
6. DISCUSSION
We considered the structure at null infinity I of decelerating, spatially flat FLRW
spacetimes. While the conformal completion of these spacetimes looks similar to that of
Minkowski, we pointed out two crucial differences: (1) The conformal factor Ω is not smooth
at I and its gradient does not define a “good” normal to I since it vanishes there; (2) The
stress-energy tensor does not decay in the limit to null infinity, and in fact diverges. These
differences can be characterized by a parameter s — related to the deceleration parameter
and the equation of state as in Eq. 2.5 — where 0 ≤ s < 1 and s = 0 being Minkowski
spacetime.
With this structure in mind, we defined a class of spacetimes with a cosmological null
asymptote (Def. 1) whose behaviour at null infinity is similar to FLRW spacetimes instead of
(asymptotically) flat spacetimes. We showed that the universal structure within this class of
spacetimes is determined by an equivalence class of conformally related pairs (qab, n
a), where
the difference with asymptotically flat spacetimes shows up in the conformal transformation
of the normal na 7→ ω−1−sna. As a result, the asymptotic symmetry algebra, i.e., the Lie
algebra of vector fields preserving the universal structure, is very similar to the BMS algebra,
but not isomorphic to it (contrary to the claim in [31]). The asymptotic symmetry algebra
still has the structure of a semi-direct product of supertranslations with the Lorentz algebra,
but the Lie bracket between a supertranslation and a Lorentz generator is now s-dependent
(see Eq. 4.2). As a consequence, the asymptotic symmetry algebra does not have any preferred
translation subalgebra whenever s 6= 0.
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Given the historical importance and wide-spread use of Bondi-Sachs coordinates, we also
constructed Bondi-Sachs-like coordinates for spacetimes with a cosmological null asymptote
in § 5. We have done this for both the unphysical and physical metric, where for the latter
we have used two different natural choices for the radial coordinate. Using the coordinates
for the unphysical metric, the conformal Bondi-Sachs coordinates, we also showed that the
peeling theorem for the components of the Weyl tensor does not apply for this class of
spacetimes.
In this paper, we have focused on the universal structure of spacetimes with a cosmological
null asymptote with the goal of finding the asymptotic symmetry algebra. In asymptotically
flat spacetimes, the gravitational radiation is encoded in the next-order structure [70].
Studying the next-order structure in this class of spacetimes with a cosmological null
asymptote is a natural extension. Given that the canonical examples of this class of
spacetimes are FLRW spacetimes, which are not stationary, the distinction between radiation
and expansion is likely more subtle than for asymptotically flat spacetimes. There is
some recent progress in understanding gravitational radiation emitted by compact sources
in cosmological spacetimes, but within the context of linear perturbation theory [71–75].
Whether a nonlinear characterization of gravitational radiation can be achieved in the class
of spacetimes derived here and its relation to possible observations by future gravitational
wave detectors remains an open question.
Another closely related issue is whether the structure at null infinity of spacetimes with a
cosmological null asymptote is stable under linear perturbations. This, and its mathematical
big brother — showing that there is a large class of initial data that have a cosmological null
asymptote — would be interesting for future research.
Additionally, a connected problem is the study of the memory effect in this class of
spacetimes and its relation to the asymptotic symmetry algebra. In perturbed FLRW
spacetimes, the memory effect has been studied using a local definition of memory [76].12 In
that work, memory was associated with the derivative of a delta function in the linearized
Riemann tensor of a retarded wave solution and did not involve any limits to I . As a result,
no explicit connection to the asymptotic symmetry algebra was made.
It would also be interesting to see if one can define the charges and their fluxes through
null infinity similar to those in the asymptotically flat case [1–3, 15–19]. However, since
the symmetry algebra does not have any preferred translation subalgebra it seems that the
notion of mass and linear-momentum in this class of spacetime is ambiguous. Finally, an
active area of research today is the study of balance laws from past null infinity to future
null infinity in the context of asymptotically flat spacetimes [79–82]. The canonical examples
12Others have also studied the memory effect in cosmological spacetimes [77, 78]. However, the class of
spacetimes of interest to those authors involved a positive cosmological constant and are thus expanding in
an accelerated fashion. Those spacetimes are not included in the class of spacetimes satisfying Def. 1.
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of spacetimes with a cosmological null asymptote are FLRW spacetimes, which only have
either a past or future null infinity. Hence, the problem of balance laws might not have a
direct analogue in this context. What does remain interesting is to connect the structure on
null infinity to that at future timelike infinity i+ [83]. For instance, any definition of mass at
null infinity should match that at future timelike infinity.
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Appendix A: The algebra bs does not contain any preferred translation subalgebra
In this Appendix, we will show explicitly that the asymptotic symmetry algebra bs does
not contain any preferred translation subalgebra. In order to do so, we consider the Lie
bracket of a supertranslation fna ∈ ss and a Lorentz vector field Xa (see Eq. 4.2 with
α(X) =
1
2
ðaXa)
[X, fn]a =
[
Xbðbf − 12(1 + s)ðbXbf
]
na ≡ Fna . (A.1)
The Lorentz vector field Xa is a vector field on S2 and F is defined to be the part between
the square brackets and should not be confused with the leading order component of ξu in
Eq. 5.32. If translations are a Lie ideal in bs then F would also be a translation whenever f is
a translation. If f is a translation, f is a ` = 0, 1 spherical harmonic on S2. So if translations
are a Lie ideal, F should also be a L = 0, 1 spherical harmonic on S2 whenever ` = 0, 1. We
will show explicitly that this is not the case.
First, decompose Xa into an “electric” and “magnetic” part (or equivalently, into a
“parity-even” and “parity-odd” part)
Xa = ðaβ + abðbρ (A.2)
for some functions β and ρ which are `′-spherical harmonics. Since Xa is an element of the
Lorentz algebra so(1, 3), both β and ρ are spherical harmonics with `′ = 1 (see [41]). The
function β corresponds to Lorentz boosts while ρ corresponds to Lorentz rotations. Using
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the decomposition Eq. A.2 in Eq. A.1 we have
F = ðaβðaf − 12(1 + s)ð2βf − abðaρ ðbf . (A.3)
Now we wish to find the spherical harmonic mode L of F when f is a translation i.e. a
` = 0, 1-harmonic mode while the harmonic mode of β and ρ is `′ = 1. It is useful to consider
the following different cases.
Case 1: f is time translation (` = 0). Whenever f is a time translation, F is either zero
or a L = 1 spherical harmonic and therefore this case does not does challenge the existence
of a translation subalgebra in bs:
F = −1
2
(1 + s)ð2β f = 1
2
(1 + s)`′(`′ + 1)β f (A.4)
so that
ð2F = −`′(`′ + 1)F = −L(L+ 1)F . (A.5)
Hence, F = 0 if β = 0 else F is a L = `′ = 1 mode. This implies that time translations
are invariant under Lorentz rotations given by ρ but changes by a spatial translation under
Lorentz boosts given by β.
Case 2: f is spatial translation (` = 1) and Xa is a Lorentz rotation (β = 0 and ρ 6= 0).
This case also does not spoil the existence of a translation subalgebra. In particular, we have
F = −abðaρðbf (A.6)
and consequently
ð2F = [−`′(`′ + 1)− `(`+ 1) + 2]F − 2abðcðaρ ðcðbf
= −`′(`′ + 1)F = −L(L+ 1)F , (A.7)
where in the first line we used that the Riemann tensor on S2 is Rabcd = qacqbd − qadqbc and
in the last line we used that ` = 1 and ðaðbf = −qabf for ` = 1 spherical harmonics. Thus,
F is a L = `′ = 1 mode. This means that a spatial translation changes by another spatial
translation under Lorentz rotations.
Case 3: f is spatial translation (` = 1), and Xa is a Lorentz boost (β 6= 0 and ρ = 0). In
this case, we have
F = ðaβðaf − 12(1 + s)ð2β f . (A.8)
To find the L-mode of F , we multiply the above equation with the (complex conjugate)
spherical harmonic Y L,M and integrate over S2 to get∫
FY L,M =
∫
ðaβ ðaf Y L,M + 12(1 + s)`
′(`′ + 1)
∫
β fY L,M , (A.9)
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where we have left the area element of the unit-metric on S2 implicit for notational convenience.
The first term on the right-hand-side can be rewritten using repeated integration-by-parts as∫
ðaβðaf Y L,M = −
∫
β ð2f Y L,M −
∫
β ðafðaY L,M
= −
∫
β ð2f Y L,M +
∫
ðaβfðaY L,M +
∫
βfð2Y L,M
= −
∫
β ð2f Y L,M −
∫
ð2βfY L,M +
∫
βfð2Y L,M −
∫
ðaβðaf Y L,M
=⇒
∫
ðaβðafY L,M = −12
∫
β ð2f Y L,M − 12
∫
ð2β f Y L,M + 12
∫
βf ð2Y L,M
= 1
2
[`(`+ 1) + `′(`′ + 1)− L(L+ 1)]
∫
βf Y L,M .
(A.10)
Thus, we obtain∫
F Y L,M =
1
2
[`(`+ 1) + (2 + s)`′(`′ + 1)− L(L+ 1)]
∫
βf Y L,M . (A.11)
Expanding the functions β and f in terms of the corresponding spherical harmonics Y`′=1,m′
and Y`=1,m, respectively, we can write the final integral in terms of the 3j-symbols (see § 34
of [85]) ∫
F Y L,M ∝
[
3 + s− 1
2
L(L+ 1)
](1 1 L
0 0 0
)(
1 1 L
m m′ −M
)
, (A.12)
where we have dropped non-zero constant factors. The product of the 3j-symbols on the
right-hand-side is non-vanishing if and only if (§ 34 of [85])
2 + L is even , 0 ≤ L ≤ 2 , M = m+m′ . (A.13)
These conditions are satisfied if and only if L = 0 or L = 2 (we do not need the conditions
on M for our argument). The fact that F has a non-zero L = 2 mode shows that spatial
translations are not a subalgebra, because F is proportional to
[
3 + s− 1
2
L(L+ 1)
]
=
3 + s 6= 0 for L = 0s for L = 2 (A.14)
(recall that for the class of spacetimes considered in this paper 0 ≤ s < 1). Only when s = 0,
does F not have a L = 2 mode.
In summary, for the usual BMS algebra bms ∼= bs=0, we see that in all three cases F is a
spherical harmonic with L = 0, 1 and hence F is a translation. Therefore, when s = 0 the
translation subalgebra is preserved under the Lie bracket of bms, i.e. there is a preferred
4-dimensional Lie ideal of translations in the BMS algebra. However, when s 6= 0, the
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translations f , in general, change by F , which contains a L = 2 spherical harmonic. As
a result, translations are not preserved by the Lie bracket of bs and are not a preferred
subalgebra (Lie ideal) of bs. Case 1 also demonstrates that there is no smaller subalgebra of
“time translations”, i.e., spherical harmonics with ` = 0. In fact, the above argument can be
generalized to show that there is no finite-dimensional Lie ideal of bs when s 6= 0.
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